
Atmos. Meas. Tech., 5, 517–528, 2012
www.atmos-meas-tech.net/5/517/2012/
doi:10.5194/amt-5-517-2012
© Author(s) 2012. CC Attribution 3.0 License.

Atmospheric
Measurement

Techniques

Droplet vertical sizing in warm clouds using passive optical
measurements from a satellite

A. Kokhanovsky and V. V. Rozanov

Institute of Environmental Physics, University of Bremen, 28334, Bremen, Germany

Correspondence to:A. Kokhanovsky (alexk@iup.physik.uni-bremen.de)

Received: 4 July 2011 – Published in Atmos. Meas. Tech. Discuss.: 29 August 2011
Revised: 14 December 2011 – Accepted: 19 January 2012 – Published: 7 March 2012

Abstract. In this paper a new algorithm for the determina-
tion of the vertical distribution of the droplet effective radius
in shallow warm clouds is proposed. The method is based
on the fact that the spectral top-of-atmosphere reflectance in
the near IR spectral range depends on the vertical profile of
the effective radius of droplets. The retrieval is based on
the optimal estimation method and direct radiative transfer
calculations of respective weighting functions. The applica-
tions of the method both to synthetic and satellite data are
presented. An important feature of the method is the fact
that the cloud optical thickness and cloud effective radius
are found using the standard homogeneous cloud retrieval
and then the retrievals are improved assuming the type of the
droplet effective radius profile.

1 Introduction

The determination of the effective radius (ER) of particles
(droplets, crystals) in clouds using spaceborne observations
is a very important remote sensing task. This is mostly due
to the fact that clouds are major regulators of climate and
their global properties are poorly understood. Usually the ef-
fective radius is derived using bi-spectral measurements un-
der assumption that the vertical inhomogeneity of a cloud
layer can be neglected. The channel in the visible is used
to find the cloud optical thickness (COT) and the channel in
the near-infrared is used to find the effective radius. The re-
trieved radius depends on the used satellite channel because
clouds are vertically inhomogeneous and the penetration
depth into the cloud depends on the wavelength (Platnick,
2000; Kokhanovsky, 2006; Zhang et al., 2010).

As a matter of fact, the inversion problem must be formu-
lated in another way as far as the cloud droplet optical sizing
of vertically inhomogeneous clouds is concerned. Namely,
not the effective radius for the whole cloud layer must be
sought but rather the corresponding vertical profile are to be
derived from available satellite data (e.g. from multispectral
measurements). Some results in this direction have already
been reported (Chang and Li, 2002). In particular, the look-
up table technique (LUT) was used. LUTs have been calcu-
lated for various vertical profiles of the effective radius. It
was found that measurements at 1.24, 1.65, 2.1, and 3.75
micrometers are sufficient to find the linear profile of the
effective radius. Later the same authors generalized their
approach for nonlinear profiles (Chang and Li, 2003).

The task of this work is to develop an algorithm to retrieve
the vertical profile of the droplet effective radius, which is
based not on the generation of LUTs but rather it uses direct
radiative transfer calculations in the retrieval process. The
most important advantage of such an approach is that one
does not need to create LUTs in advance and, therefore, the
algorithm is more flexible with respect to change in a priori
assumptions, parameters of instruments, etc. The retrieval
is performed in the framework of the optimal estimation
technique (Rodgers, 2008).

The structure of the paper is as follows. In the next section
we address some theoretical background related to the calcu-
lations of the functional derivatives of the cloud reflectance
with respect to the vertical profile of effective radius. Then
the retrieval algorithm is introduced. Its performance is stud-
ied using a number of numerical experiments. Finally, the
algorithm is applied to the satellite data.
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2 The functional derivative of reflectance with respect
to the vertical profile of droplet sizes

2.1 Main equations

The variation of the spectral cloud reflectanceR(λ) at the
wavelengthλ with respect to the variationδaef(z) of the ef-
fective radius profileaef(z) and the variationδN (z) of the
particle number concentration profileN(z) along the vertical
coordinatez can be presented in the following form:

δR(λ) =

z2∫
z1

Wa (z,λ)
δaef(z)

aef(z)
dz+

z2∫
z1

WN (z,λ)
δN (z)

N (z)
dz, (1)

where we neglected nonlinear terms and

Wa (z,λ) =
δR(λ)

δ lnaef(z)
, WN (z,λ) =

δR(λ)

δ lnN(z)
(2)

are the logarithmic functional derivatives of the function
R(λ) with respect to the functionsaef(z) andN(z), respec-
tively. Herez is the vertical coordinate and it is assumed that
properties of clouds do not change in the horizontal plane.
The cloud is positioned between levelsz1 (bottom) andz2
(top). We will assume that althoughaef depends on the al-
titude within the cloud, this is not the case for the effective
variancevef of the droplet size distributionf (a,z), which
is assumed to be known in advance and not dependent on
z. This allows us to consider only the derivative of the re-
flectance to one parameter of the particle size distribution,
namely,aef. It is known (Kokhanovsky, 2006) that the cloud
radiative properties only slightly depend on the effective vari-
ance and they are largely determined by the effective radius
of droplets. Therefore, our approach is well justified.

The functionsWa (z,λ)/aef(z) and WN (z,λ)/N (z) are
called the weighting functions (WF) in the inverse problem
theory (see, e.g. Ustinov, 2007). The derivativesWa (z,λ)

and WN (z,λ) can be interpreted as WFs with respect to
the relative variation of the effective radius and number
concentration profiles, respectively.

Although the functionW (z,λ) and other related functions
depend on the profilesaef(z) andN(z), we will not denote
this dependence explicitly for the sake of simplicity. The
concept of WF is used to understand how the variation of the
profileδaef(z) is related to the variation of the reflectanceδR

as measured by an optical instrument. The functionWa(z,λ)

(WN (z,λ)) has a dimension of inverse length and shows how
important the variation of the profileaef(z)(N(z)) is at a
given levelz with respect to the modification of the cloud
reflectance. For instance, one may neglect the influence of
the droplet size vertical profile on the cloud reflectance at a
given wavelengthλ and levelz in the cloud ifWa (z,λ) → 0.

Introducing the relative variation of reflectance

y(λ) =
δR(λ)

R(λ)
, (3)

we can rewrite Eq. (1) in the following equivalent form:

y(λ) =

z2∫
z1

Ka (z,λ)
δaef(z)

aef(z)
dz+

z2∫
z1

KN (z,λ)
δN (z)

N (z)
dz, (4)

where we introduced the logarithmic functional derivatives
(LFD) of lnR(λ):

Ka (z,λ) =
δ lnR(λ)

δ ln aef(z)
, KN (z,λ) =

δ lnR(λ)

δ lnN(z)
. (5)

The study of the LFDs presented here is of importance for
the development of cloud profiling techniques using ground,
airborne, and satellite measurements. It shows how the rel-
ative variation of the effective radius profilepa (z) =

δaef(z)
aef(z)

and the number concentration profilepN (z) =
δN(z)
N(z)

along
the vertical coordinate in the region[z1,z2] are related to the
relative variation of reflectancey(λ):

y(λ) =

z2∫
z1

Ka (z,λ)pa(z)dz+

z2∫
z1

KN (z,λ)pN (z)dz. (6)

It is surprising, taking into account the explosion of scien-
tific publications in the general area of cloud remote sens-
ing, how little attention was given to studies of the functional
derivatives described above. Note that the weighting func-
tions considered here differ from those introduced by Plat-
nick (2000). In the case considered by him, the weighting
functionw(τ,τ0) was defined in such a way that the retrieved
effective radius̄a for an inhomogeneous cloud as determined
from a single IR channel is related to the corresponding
profileaef(τ ) as

ā =

τcl∫
0

aef(τ )w(τ,τcl)dτ. (7)

Here τ is the optical depth inside the cloud andτcl is the
cloud optical thickness. Recently such an approach was
explored by Nakajima et al. (2010a, 2010b) for studies of
droplet growth as detected from a satellite.

2.2 The retrieval for the special case of known cloud
optical thickness

The cloud optical thickness can be estimated indepen-
dently or before the retrieval of cloud droplet radius profile
(e.g. from the measurements in the visible, which are not
very sensitive to the droplet size profile). Clearly, if it is
assumed that COT is known, the profilesN(z) and aef(z)

become interrelated and we can re-formulate our problem
in such a way that not two but just one profile (aef(z)) is
sought. Let us demonstrate it firstly using the geometrical
optics approximation (Kokhanovsky, 2006) for the extinction
cross sectionCext(a) of water droplets.
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The cloud optical thickness is defined as

τ =

z2∫
z1

κext(z)dz, (8)

whereκext(z) = N(z) < Cext(z) > is the cloud extinction co-
efficient and

< Cext(z) >=

a2∫
a1

Cext(a)f (a,z)da (9)

is the average extinction cross section of droplets having
the size distributionf (a,z). It is assumed that the size of
dropletsa in a cloud varies froma1 to a2.

One derives in a good approximation valid asλ/a →

0 (van de Hulst, 1981; Kokhanovsky, 2006):Cext(a) =

2πa2 and, therefore,< Cext >= 2π < a2 >, where< a2 >=
a2∫
a1

a2f (a,z)da. We will assume in this work that the droplet

size distribution is given by the following formula:

f (a,z) = B(z)aµexp(−µa/a0(z)), (10)

where B(z) = µµ+1/a
µ+1
0 (z)/0(µ+1), 0(µ + 1) is the

gamma function,a0(z) is the mode radius andµ is the half-
width parameter assumed to be equal 6.0.

It follows for the distribution given by Eq. (10)
(Kokhanovsky, 2006):

aef(z) =

〈
a3(z)

〉
/
〈
a2(z)

〉
= a0(z)(1+

3

µ
),〈

a2(z)
〉
= βa2

ef(z), (11)

where β = (µ + 1)(µ + 2)/(µ+3)(µ+3) at integer µ.
Therefore, Eq. (8) results in:

τ = 2πβ

z2∫
z1

N(z)a2
ef(z)dz. (12)

This equation shows that, ifτ is known in advance, then
the profiles of the effective radius and the number droplet
concentration are not independent. In particular, varying
Eq. (12) with respect toN(z) and aef(z), and taking into
account thatδτ = 0, we have
z2∫

z1

a2
ef(z)δN (z)dz+2

z2∫
z1

N(z)aef(z)δaef(z)dz = 0. (13)

Assuming further that the relative variationpN =

δN (z)/N (z) does not depend on the vertical coordi-
nate (e.g. the constant profile of the droplet number
distribution as discussed by Miles et al. (2000) for shallow
marine clouds), we obtain from Eq. (13):

pN = −
4πβ

τ

z2∫
z1

N(z)a2
ef(z)pa(z)dz. (14)

Thus, the relative variation of the particle number density
can be expressed via the relative variation of the effective
radius. It also means that we reduce the problem, where
two unknown functions (aef(z),N(z)) are involved, to a
simpler problem of finding just the profile of the effective
droplet radius. In a more general case, when the geometri-
cal optics approximation(λ/a → 0) is not valid, it follows:
pN = 3[pa (z)], where3 is a linear integral transformation
of pa (z) similar (but not identical) to Eq. (14). In particular,
we derive in this more general case (see Appendix):

pN ≡ 3[pa (z)] = −
1

τ0

z2∫
z1

∂κext(z,λ0)

∂ lnaef(z)
pa (z)dz, (15)

where τ0 is the cloud optical thickness at the wavelength
λ0 and κext(z,λ0) is the extinction coefficient at the same
wavelength.

SubstitutingpN given by Eq. (15) into Eq. (6) instead of
pN (z), and introducing the integrated LFD with respect to
the number droplet concentration:

KN (λ) =

z2∫
z1

KN (z,λ)dz, (16)

we have:

y(λ) =

z2∫
z1

K̃a(z,λ)pa(z)dz, (17)

where

K̃a (z,λ) = Ka (z,λ)−Ma (z,λ) (18)

and

M(z,λ) =
KN (λ)

τ0

∂κext(z,λ0)

∂ lnaef(z)
. (19)

Summarizing, the relation between functionsKa(z,λ) and
K̃a(z,λ) follows from the assumption that COT is known
in advance and, therefore, profilesaef(z) and N(z) are
inter-related.

2.3 Numerical results

The general technique for the numerical calculations of LFDs
using solutions of forward and adjoint radiative transfer
equations is given by Rozanov and Rozanov (2007). The
technique is incorporated in the software package SCIA-
TRAN (Rozanov et al., 2012). We will use SCIATRAN for
studies of the LFDs. In particular, in this section we will
consider the main properties of the LFDs with respect to
the vertical profile of droplet effective radius using SCIA-
TRAN calculations. We assume that the cloud optical thick-
ness is known fairly well (e.g. from the application standard
cloud retrieval algorithm developed for homogeneous clouds
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(Kokhanovsky, 2006)). It is known that vertical inhomogene-
ity does not impact COT retrievals considerably because in-
formation on COT comes primarily from the visible channel,
where the cloud single scattering albedo is very close to 1.0
(Sobolev, 1975).

To perform numerical calculations, we will replace the
integral in Eq. (17) by the sum:

y(λ) =

n∑
k=1

S(zk,λ)pa (zk) (20)

where

S(zk,λ) = K̃a(zk,λ)wk1zk, (21)

1zk is the thickness of the sub-layer inside the cloud andwk

is the corresponding weight taken to be equal 1.0 in this pa-
per, except 0.5 for the first and last weight (the trapezoidal
rule for the equidistant grid). For instance, assuming that
pa(zk) = 1 (i.e. the relative variation of the effective radius
is equal to 100 % at all levels), one can derivey(λ) just
summing upS(zk,λ) at all levels.

The results of numerical calculations ofS(zk,λ) are pre-
sented in Figs. 1–3. Let us discuss them now. The abso-
lute value ofS(zk) is presented in Fig. 1a–f for channels
0.865, 1.24, 1.6, 2.13, 3.7 micrometers and several values
of COT (1, 5, 10, 20, 50, 100) for vertically homogeneous
clouds with the effective radius 12 micrometers at the so-
lar zenith angle (SZA) 60 degrees and the nadir observation
(viewing zenith angle VZA = 0 degrees). Thermal emission
is taken into account for calculations at 3.7 µm. Note that in
all cases LFDs are negative and we plotted the absolute val-
ues for the convenience. The negative values of LFD mean
that with the increase of radius, the spectral cloud reflectance
decreases (due to increase of absorption) as one might ex-
pect. Except for the case of thin clouds (COT = 1), the val-
ues ofS(zk,λ) are higher for larger wavelengths at the cloud
top. It means that the channels with larger wavelengths have
more sensitivity to the effective radius close to the cloud top.
The maximum of the sensitivity is located at some distance
from the cloud top. The results for effective radius equal
to 6 and 18 micrometers are given in Fig. 2. At the wave-
length 3.7 µm, the radiance is more sensitive to the size of
particles in the case of smaller effective radius (at least in
the upper portion of the cloud). It is the other way around
for other wavelengths studied. The sensitivity of radiance
to the effective radius increases with the VZA (see Fig. 3).
Therefore, it is of importance to use slant observation ge-
ometry. Generally, the observation of cloud under different
angles increases the information content of corresponding
observations (Platnick, 2000).

3 The solution of the inverse problem

3.1 Theory

Equation (17) can be directly used for the solution of the
inverse problem. E.g. it follows from Eq. (17) under as-
sumption thatpa (z) does not depend onz (i.e. assuming that
the relative variation of the effective radius profile does not
depend on the height):

pa = y(λ)

 z2∫
z1

K̃a(z,λ)dz

−1

, (22)

wherepa ≡ δaef/aef.
It means that the LFD investigated in the previous section

can be directly used to find the variation

pa = (âef−aef)/aef, (23)

and, therefore, the value of the retrieved grain sizeâef can be
easily found for a given value of

y(λ) = δR(λ)/R(λ,aef) = (Rmes(λ)−R(λ,aef))/R(λ,aef). (24)

HereR(λ,aef) is the reflectance of a cloud for an assumed
cloud droplet effective radiusaef. The derived value of the ef-
fective radius (namely,̂aef) can be used instead ofaef in equa-
tions given above to perform an iteration process. Clearly,
due to the cloud vertical inhomogeneity, the derived value
âef depends on the wavelength used in the measurements.

In real cloud layers the values ofpa andaef depend on the
vertical coordinate. Let us consider this more complex case
now and assume that the profile of the effective radius can be
presented in the following form:

aef(z) =

J∑
j=0

αjz
j
; (25)

in principle other parameterizations of profiles can be used
as well. But the analysis of respective experimental mea-
surements (Miles at al., 2000) show that the expansion (25)
can indeed be used to explain most of profiles occurring at
least in warm shallow clouds. The value ofJ is usually not
larger than 2. So quadratic, linear, and constant profiles can
be used for the interpretation of respective measurements.

In the following discussion we restrict ourselves to the lin-
ear approximation of effective radius profilesaef(z). In par-
ticular, we setJ = 1 in Eq. (25) and rewrite it in the following
equivalent form:

aef(z) = atϕ(z)+ab (1−ϕ(z)), (26)

whereϕ(z) = (z1−z)(z1−z2)
−1, at andab are the effective

radii at the cloud top and bottom, respectively.
The substitution of Eq. (26) in Eq. (17) gives:

y(λ) = c1(λ)δat +c2(λ)δab, (27)

Atmos. Meas. Tech., 5, 517–528, 2012 www.atmos-meas-tech.net/5/517/2012/



A. Kokhanovsky and V. V. Rozanov: Droplet vertical sizing in warm clouds 521

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

1.0

1.2

1.4

1.6

1.8

2.0
 = 1.0
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1a 

 
 
 
 
 

0.0 0.1 0.2 0.3 0.4

1.0

1.2

1.4

1.6

1.8

2.0

 = 5
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1b 

 

 28

(a)

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

1.0

1.2

1.4

1.6

1.8

2.0
 = 1.0
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1a 

 
 
 
 
 

0.0 0.1 0.2 0.3 0.4

1.0

1.2

1.4

1.6

1.8

2.0

 = 5
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1b 

 

 28

(b)

 

0.0 0.2 0.4 0.6 0.8 1.0

1.0

1.2

1.4

1.6

1.8

2.0

 = 10
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1c 

 
 
 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

1.0

1.2

1.4

1.6

1.8

2.0

 = 20
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1d 

 
 

 29

(c)

 

0.0 0.2 0.4 0.6 0.8 1.0

1.0

1.2

1.4

1.6

1.8

2.0

 = 10
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1c 

 
 
 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

1.0

1.2

1.4

1.6

1.8

2.0

 = 20
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1d 

 
 

 29

(d)

 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6

1.0

1.2

1.4

1.6

1.8

2.0

 = 50
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1d 

 
 
 

0 2 4 6 8 10

1.0

1.2

1.4

1.6

1.8

2.0

 = 100
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1f 

 30

(e)

 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6

1.0

1.2

1.4

1.6

1.8

2.0

 = 50
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1d 

 
 
 

0 2 4 6 8 10

1.0

1.2

1.4

1.6

1.8

2.0

 = 100
a

ef
=12m

SZA = 60degrees
VZA = 0degrees

 

 

z,
 k

m

|S|, km-1

 0.865m
 1.24m
 1.6m
 2.13m
 3.7m

 
Fig. 1f 

 30

(f)

Fig. 1. The vertical profiles of the absolute value ofS(zk) for various wavelengths at COT=1(a), 5(b), 10(c),

20(d), 50(e), 100(f) at ER = 12 µm(VZA = 0 degrees, SZA = 60 degrees). The cloud is positioned between 1 and

2 km. Rayleigh scattering and thermal emission are taken into account. Aerosol scattering and absorption is

ignored.

15

Fig. 1. The vertical profiles of the absolute value ofS(zk) for various wavelengths at COT = 1(a), 5(b), 10(c), 20(d), 50(e), 100(f) at
aef = 12 µm (VZA = 0 degrees, SZA = 60 degrees). The cloud is positioned between 1 and 2 km. Rayleigh scattering and thermal emission
are taken into account. Aerosol scattering and absorption are ignored.
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Fig. 2. The same as in Fig. 1c except at ER = 6 and 18 µm.

16

Fig. 2. The same as in Fig. 1c except at ER = 6 and 18 µm.

where

c1(λ) =

z2∫
z1

K̃a(z,λ)ϕ(z)dz

aef(z)
,

c2(λ) =

z2∫
z1

K̃a(z,λ)dz

aef(z)
−c1(λ). (28)

The functionK̃a(z,λ) can be calculated using SCIATRAN as
discussed above for an assumed a priori profilesaef(z),N (z).
This enables also the calculation of coefficientsc1(λ)

andc2(λ).
The linear model as presented in Eq. (27) is derived under

assumption that the variation of cloud reflectance is caused
by the variation of the effective radius at cloud top and bot-
tom only. However, the cloud optical thickness is usually
obtained with limited accuracy. Therefore, to account for the
possible variation of cloud optical thickness, we rewrite liner
model given by Eq. (27) as follows:

y(λ) = c1(λ)δat +c2(λ)δab +c3(λ)δτ0, (29)

where the last term on the right-hand side of this equation de-
scribes the variation of optical thickness andc3(λ) =

∂ lnR
∂τ0

.
The last term in Eq. (29) enables the improvement of the
initial estimation of COT.

Let us rewrite Eq. (29) in the vector-matrix form:

y = K̂(x −x0). (30)

The components of the vectory are relative changes of
the reflectances at each measured wavelengthλ (as com-
pared to the spectral cloud reflectance for a priori profile),
x = {at ,ab,τ0}

T is the vector parameter to be found and
x0 = {āt ,āb,τ̄0}

T is a priori state vector, which we will derive
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Fig. 3. The same as in Fig. 1c except the results at VZA equal to 75 degrees are also given (dashed lines).
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Fig. 3. The same as in Fig. 1c except the results at VZA equal to 75
degrees are also given (dashed lines).

applying the standard retrieval procedure for a homogeneous
cloud layer (Kokhanovsky, 2006). This means that we as-
sume that̄at = āb for the first guess.

Equation (30) is a typical example of the linearized inverse
problem. This linear ill-posed problem is solved in the least
squares sense employing the generalized Tikhonov regular-
ization, i.e. minimizing the following quadratic form:∥∥∥y − K̂(x −x0)

∥∥∥2

S−1
y

+‖x −x0‖
2
Q = min. (31)

HereS−1
y is the inverse error covariance matrix of the mea-

surement vectory andQ is the constraint matrix for the state
vectorx. Following Rodgers (2008), the state vector con-
straint matrix is represented by the inverse covariance ma-
trix, i.e. Q = S−1

a . The solution of Eq. (31) is obtained in the
following analytical form (Rodgers, 2008):

x = x0+

(
K̂T S−1

y K̂ +S−1
a

)−1
K̂T S−1

y y. (32)

All matrices,x0 andy are known functions (for an assumed a
priori profileaef(z) andτ0). To account for the non-linearity
of the inverse problem, the Gauss-Newton iterative approach
(Rodgers, 2008) is used. Ati+1 iterative step, this approach
results in the following solution:

xi+1 = xi +

(
K̂T

i S−1
y K̂i +S−1

a

)−1
K̂T

i S−1
y yi, (33)

where the subscript “i” denotes that corresponding quantities
are calculated using the vector-parameterxi . The iterative
process is stopped if the maximum difference between the
components of the state vector at two subsequent iterative
steps does not exceed a given criterion. Clearly, for initial
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Fig. 4a. The dependence of the retrieved effective radius on different levels in the cloud on the value of the

cloud optical thickness. The true linear profile is 12–9–6 µm. The first number denotes the values ofaef at the

cloud top, the second number corresponds to the middle of the cloud and the last number is the droplet effective

radius at the cloud bottom. The SZA is equal to 60 degrees and the observation is at the nadir direction for

the black underlying surface. Squares correspond to the case, when the cloud is positioned at 1–3 km in the

retrieval process (not 1–2 km as in the forward synthetic run) and circles correspond to the case of the cloud

positioned in the range of heights 0.5–1 km in the retrieval process.
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Fig. 4a. The dependence of the retrieved effective radius on differ-
ent levels in the cloud on the value of the cloud optical thickness.
The true linear profile is 12–9–6 µm. The first number denotes the
values ofaef at the cloud top, the second number corresponds to
the middle of the cloud and the last number is the droplet effective
radius at the cloud bottom. The SZA is equal to 60 degrees and the
observation is at the nadir direction for the black underlying surface.
Squares correspond to the case when the cloud is positioned at 1–
3 km in the retrieval process (not 1–2 km as in the forward synthetic
run), and circles correspond to the case of the cloud positioned in
the range of heights 0.5–1 km in the retrieval process.

profilesaef(z) andτ0 close to the sought profile, fast conver-
gence can be achieved. This is illustrated in the next section
for the case of linear profiles.

We use the asymptotic radiative transfer theory for the first
guess estimates of COT and the effective radius, i.e. it is as-
sumed that̄at = āb = aef,s , whereaef,s is the effective radius
derived using the inversion of the asymptotic radiative trans-
fer equations as applied to a vertically homogeneous cloud
layer (Kokhanovsky, et al., 2003; Kokhanovsky, 2006). The
retrieved COT and effective radius are the values derived for
an assumed homogeneous cloud of the geometrical thickness
equal to 500 m. The influence of profile of effective radius on
the retrieved value of COT is weak. The retrieved profile of
effective radius is improved using iterations until the con-
vergence is reached. This completes the description of the
retrieval algorithm.

3.2 Retrievals

3.2.1 Synthetic retrievals

We show the capability of the newly developed code for
the retrieval of the Profile of the Effective Radius using the
Optimal estiMation Technique (PEROMT) in shallow water
clouds using synthetic top-of-atmosphere reflectances as de-
rived from SCIATRAN simulations. In particular, the values
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Fig. 4b. The same as in Fig. 4a except it was assumed in the retrieval process that the cloud positioned in

the range of heights 0.5–1 km and the underlying surface albedo is 0.1 (not 0.0 as in the forward model). The

crosses show the results of retrievals based on the semi-analytical cloud retrieval algorithm for a vertically

homogeneous cloud.
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Fig. 4b. The same as in Fig. 4a except it was assumed in the re-
trieval process that the cloud positioned in the range of heights 0.5–
1 km and the underlying surface albedo is 0.1 (not 0.0 as in the
forward model). The crosses show the results of retrievals based
on the semi-analytical cloud retrieval algorithm for a vertically
homogeneous cloud.

of the top-of-atmosphere cloud reflectance were calculated at
the wavelengths 0.865, 1.22, 1.6, 2.2 µm for the vertically in-
homogeneous clouds withat = 12 µm,ab = 6 µm over black
underlying surface. We did not use the channel at 3.7 µm
to be less sensitive to a priori unknown cloud position in at-
mosphere. It was assumed that SZA is equal to 60 degrees
and the observation is in the nadir direction. The molecu-
lar scattering was accounted for but the aerosol contribution
was set to zero in the forward and inverse models. In the
retrieval process the error covariance matrixSy and a priori
covariance matrixSa have been used as diagonal matrices.
The square of diagonal elements ofSy corresponds to the
relative measurement error of 0.1 %. The a priori uncertain-
ties forat andab elements of the state vector were set to 10
and 1 µm, respectively, and to 0.1τ0 for the optical thickness.

The results of the retrievals of parametersab,at (and also
am (at the middle of the cloud)) as functions of COT are il-
lustrated in Fig. 4a, assuming that the surface albedo is the
same as in the forward simulation but the cloud position is
wrong (1–3 and 0.5–1 km and not 1–2 km as in the forward
simulation). We found that the errors in the vertical profile of
effective radius are below 1 %, if the cloud position is exactly
known in advance.

The cloud top height error of +1 km in Fig. 4a is close
to the upper cloud top height retrieval error, depending on
the instrument used (thermal infrared, oxygen A-band, CO2
band cloud top height retrieval techniques). We conclude that
neither COT not the error in the cloud top height of 1 km in-
fluences the retrieval results considerably. In all cases the
profile with particles increasing to the cloud top (as it should

www.atmos-meas-tech.net/5/517/2012/ Atmos. Meas. Tech., 5, 517–528, 2012
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Fig. 5. The correlation plot of the retrieved versus true COT. Circles give the results of the retrieval based on

the semi-analytical cloud retrieval algorithm for a homogeneous cloud (the first guess solution for the optimal

estimation approach). Squares correspond to the case of a cloud positioned between 1–3 km and triangles

correspond to the cloud positioned between 0.5–1 km ( for the assumed underlying surface albedo 0.0 and 0.1)

in the retrieval process. The true underlying albedo was equal to 0.0, SZA = 60◦, VZA = 0◦.
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Fig. 5. The correlation plot of the retrieved versus true COT. Circles
give the results of the retrieval based on the semi-analytical cloud
retrieval algorithm for a homogeneous cloud (the first guess solu-
tion for the optimal estimation approach). Squares correspond to
the case of a cloud positioned between 1–3 km and triangles corre-
spond to the cloud positioned between 0.5–1 km ( for the assumed
underlying surface albedo 0.0 and 0.1) in the retrieval process. The
true underlying albedo was equal to 0.0, SZA = 60◦, VZA = 0◦.

be) is found. The error of the retrieved effective radius is
smaller than 0.5 µm for the assumed cloud positioned be-
tween 1–3 km for all studied COTs, and it is below 1 µm
at all levels in the cloud for the assumed cloud positioned
between 0.5–1 km and COT≥ 10. For thinner clouds (po-
sitioned in the range 0.5–1 km in the retrieval process), the
errors are larger but they are below 1.5 µm, if COT≥ 5 (see
Fig. 4a). The information on the underlying surface albedo
is crucial for the case of thin clouds. This is illustrated in
Fig. 4b, where we show the dependence of the retrieved ef-
fective radius on three levels in the cloud for the case of the
assumed surface albedo 0.1 (true surface albedo is equal to
0.0) and the cloud positioned in the range 0.5–1 km. This is
the worse scenario (see Fig. 4a) because not only cloud top
height but also cloud bottom height used in the retrieval pro-
cess are biased (from the position 1–2 km used in forward
simulations). The errors increase considerably for the thin
clouds (COT = 5). It follows from Fig. 4b that the bias of
0.1 in the assumed surface albedo does not influence results
for thicker clouds. Crosses in Fig. 4b correspond to the case
of the effective radius using the homogeneous cloud model.
Just one value is retrieved and the results derived are closer to
the true effective radius at some level in the cloud close to the
top. The actual level on which effective radius is retrieved (if
the homogeneous cloud model is used) depends not only on
the wavelength used in the retrieval (here the wavelength at
1.6 µm was used) but also on the COT (see Fig. 4b) and ver-
tical profile of effective radius (not shown here). Therefore,
the technique as proposed here has an advantage as far as one

 
 
 
 
 

 
Fig.6 
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Fig. 6. The MODIS/TERRA browse image of the studied cloud scene (31 May 2001, 16:55 UTC). The cross

signifies the position of the ARM site (36.61◦ N, 97.49◦ W).
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Fig. 6. The MODIS/TERRA browse image of the studied cloud
scene (31 May 2001, 16:55 UTC). The cross signifies the position
of the ARM site (36.61◦ N, 97.49◦ W).

is interested in the vertical distribution of effective radius of
water droplets in clouds. Clearly, the bias in the retrieved ef-
fective radius inherent to the homogeneous cloud model will
also lead to a bias in the retrieved liquid water path (LWP),
which is usually found as LWP = 2τ0ρaef/3, whereρ is the
density of water. The vertical inhomogeneity of cloud does
not lead to considerable biases in the retrieved cloud optical
thicknessτ0 (see Fig. 5). Therefore, we conclude that the
retrieved LWP is overestimated for the case considered here
(the effective radius increases towards the cloud top). This is
due to the fact that the value ofaef retrieved using the homo-
geneous cloud model is close to that at the top and, therefore,
overestimated.

3.2.2 Retrievals using MODIS data over land

Chang and Li (2003) applied their look-up table method for
the cloud system located over ARM SGP site (35.269◦ N,
96.74◦ W) using MODIS Terra data for 31 May 2001 (see
Fig. 6). The cloud was located between 0.8 and 1.5 km as
measured by the ground-based instrumentation at ARM. The
cloud top temperature was 283.1 K (Chang and Li, 2003).
Therefore, we are sure that crystals do not occur in this cloud.

Interestingly, different profiles were obtained by Chang
and Li (2003) using the combination of channels 3.7/2.1
and 3.7/1.6 µm. In particular, their retrievals using the
combination 3.7/2.1 µm gave almost homogeneous cloud
(ER = 10.5 µm (top), ER = 9 µm (bottom)). The retrievals
using 3.7/1.6 µm gave the profile ER = 10.5 µm (top),

Atmos. Meas. Tech., 5, 517–528, 2012 www.atmos-meas-tech.net/5/517/2012/
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Fig. 7a.The correlation between COT derived using MODIS algorithm and SACURA, PEROMT retrievals.
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Fig. 7a. The correlation between COT derived using MODIS algo-
rithm and SACURA, PEROMT retrievals.

ER = 5 µm (bottom). The differences are significant. We
suggest that the combination 3.7/1.6 µm provides better es-
timation of profile because of larger separation of wave-
lengths and deeper sampling into the cloud. Our re-
trievals for the same cloud system centered at the ARM
SGP location (averaged over a region 97.45±0.08◦ W and
36.59± 0.06◦ N, similar to the area used for averaging by
Chang and Li (2003)), gave: 9.94± 1.1 µm(top), 7.0 ±

0.6 µm(middle), 4.0± 0.04 µm(bottom) – close to the es-
timates of Chang and Li (2003) for the pair 3.7/1.6 µm.
The derived COT = 44.66± 12.5 was also close to that re-
ported by Chang and Li (2003) (38.7± 4.2) and also to
that reported by MODIS (42.29± 10.9) and the ground-
based measurements (37.4). The COT retrieved by SACURA
(Kokhanovsky et al., 2003) was 39.82± 5.8, which was close
to the ground based measurements of COT.

This comparison shows that both methods (PEROMT and
Cheng and Li (2003) technique) produce similar results. In
particular, the effective radius increasing towards cloud top
height is found in both retrievals. This is characteristic for
the cases with no drizzle. Actually, no drizzle was reported
at ARM SGP site at the time of MODIS measurements.
However, the technique developed by us is more flexible
and enables the extension taking into account other profiles
of effective radii and channels without substantial modifi-
cation of the algorithm. The previously developed method
(Cheng and Li, 2003) will require the production of new
look-up tables if other cases or profiles are of interest. As
a matter of fact, this paper gives the first application of op-
timal estimation approach in the framework of exact radia-
tive transfer calculations with respect to the cloud droplet
profile determination.

The results of retrievals for the ARM SGP site are pre-
sented in more detail in Fig. 7. We assumed that the surface
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Fig. 7b.The same as in Fig. 7a except for the effective radius.
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Fig. 7b. The same as in Fig. 7a except for the effective radius.

albedo is 0.5 in the retrieval process. We found that the as-
sumption on the surface albedo almost does not influence the
results of retrievals (cloud optical thickness, vertical profile
of effective radius). This is due to the high value of COT for
the cloud under study.

It follows from Fig. 7a that the PEROMT algorithm re-
trieves COTs, which are comparable to the MODIS result.
The result of SACURA, which is used as a first guess, is bi-
ased because SACURA is based on the approximation of the
radiative transfer equation and small errors of the approxi-
mation amplify for thicker clouds. In Fig. 7b we show the
correlation plots of the SACURA and PEROMT-derived ef-
fective radii with that of MODIS. The correlation coefficients
are high. However, generally, the MODIS results are higher
as compared to our retrievals. This can be related to the fact
that the half-width of the size distribution and also the refrac-
tive index of water used in MODIS retrieval does not exactly
coincide with the assumptions used in our retrieval. This is
especially important in the geometries corresponding to rain-
bow and glory scattering. In particular, the average SZA,
VZA, and relative azimuth angle for the case studied by us
were 24.4, 53.5, and 95.3 degrees, respectively. This gives
the scattering angle of 125 degrees, which is close to the po-
sition of the secondary rainbow (129 degrees according to
the geometrical optics calculations).

One concludes from Fig. 7b that the assumption of a ho-
mogeneous cloud (as used in SACURA) gives the effective
radius at some level close to the cloud top. The retrievals
using PEROMT give the improvement of the standard cloud
retrieval techniques providing the values of effective radius
throughout the cloud. The derived profiles of effective radius,
if used in the radiative transfer simulations, give the spectral
reflectance coefficients, which are close to the measured ones
for all selected channels (the average rms is 0.017).

www.atmos-meas-tech.net/5/517/2012/ Atmos. Meas. Tech., 5, 517–528, 2012
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(c)

Fig. 8. The map of the effective radius retrieved using PEROMT at the cloud top(a), middle(b), and bottom

(c).
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Fig. 8. The map of the effective radius retrieved using PEROMT at the cloud top(a), middle(b), and bottom(c).
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Fig. 9.The map of COT retrieved using PEROMT.
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Fig. 9. The map of COT retrieved using PEROMT.

3.2.3 Retrievals using MODIS data over ocean

The results of retrievals using a MODIS scene over ocean
(west of Chile, the center of the scene is located at 75.09◦ W,
19.87◦ S) are presented in Fig. 8, where the retrieved droplet
effective radius spatial distributions at the top (a), middle (b)
and bottom (c) of cloud are given. The retrieved cloud optical
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Fig. 10.The spatial distribution ofaef as derived using MODIS operational algorithm.
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Fig. 10. The spatial distribution ofaef as derived using MODIS
operational algorithm.

thickness is presented in Fig. 9. The average COT for the
scene was 20.1±2.3(25.5±3 as derived by the MODIS op-
erational algorithm). It was assumed that the surface albedo
is equal to zero in the retrieval process although deviations
from this value do not change results due to large thick-
ness of the cloud. The cloud was positioned between 2.8
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and 3.3 km, where the upper cloud boundary was estimated
from corresponding MODIS retrievals of cloud top pres-
sure. The derived average values ofaef were 18.8± 1.2 µm
(top), 13.1± 0.4 µm (middle), and 7.4± 1.0 µm (bottom).
The droplets are larger as compared to the case of clouds
over land discussed in the previous section. The droplet
size decreases towards the cloud bottom, which could sig-
nify the absence of precipitation although droplets are quite
large at the cloud top. The spatial distribution ofaef as
derived from MODIS is given in Fig. 10. It follows that
aef = 13.1±0.4 µm, which is close to the results derived us-
ing SACURA (aef = 13±0.5 µm, τ = 23.9±2.7) and also
to the spatial distribution ofaef in the middle of the cloud
(compare Figs. 8b and 10).

4 Conclusions

A technique to retrieve cloud droplet vertlical profiles has
been developed. Theoretically, the method can be applied to
the arbitrary profiles of the droplet effective radius. How-
ever, the authors restrict this work to the linear profiles. The
method was applied to the synthetic data and it was shown
that the technique is not very sensitive neither to the uncer-
tainty to the underlying surface albedo (for optically thick
clouds) nor to the uncertainty in the cloud position. We be-
lieve that the method is best suited for clouds with COTs
above approximately 10. The technique was also applied to
the satellite data, where we found that the conventional cloud
retrieval technique (for a homogeneous cloud) produces the
radii close to those in the upper portion of the cloud (or even
close to those at the middle of the cloud as in the analyzed
case of a maritime shallow cloud). Our technique is not based
on LUTs. Therefore, it can be used without large alterations
for many types of satellite instruments. Clearly, adding the
multi-angular and polarization measurements in the optimal
estimation framework provided here can enhance the accu-
racy of retrievals. The next important step in the development
of the method is its validation using in-cloud measurements
of profilesaef(z). The method has several limitations. In par-
ticular, it is applicable mostly to the low-level horizontally
homogeneous marine clouds with warm microphysics.

Appendix A

The relative variation of the droplet number
concentration

The aim of this Appendix is to provide the derivation
of the relationship between the relative variation of the
droplet number concentrationpN and the variation of the
droplet effective radiuspa under assumption that COT at the
wavelengthλ0 is exactly known.

The variation of COT can be presented in the following
form:

δτ (λ0) =

z2∫
z1

δκext(z,λ0)dz. (A1)

Taking into account thatδτ (λ0) = 0 in our case and (see
Sect. 2.2)

κext(z,λ0) = N(z) <Cext(z,λ0) >, (A2)

δκext(z,λ0) = δN(z) <Cext(z,λ0) >

+N(z)
∂ <Cext(z,λ0) >

∂aef(z)
δaef(z), (A3)

we derive from Eq. (A1):

z2∫
z1

[δN(z) <Cext(z,λ0) >

+N(z)
∂ <Cext(z,λ0) >

∂aef(z)
δaef(z)

]
dz = 0 (A4)

or assuming thatpN does not depend onz:

pN = −
1

τ0

z2∫
z1

∂κext(z,λ0)

∂ lnaef(z)
pa (z)dz. (A5)
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